Abstract-Multiple antennas can be used for increasing the amount of diversity (diversity gain) or increasing the data rate (the number of degrees of freedom or spatial multiplexing gain) in wireless communication. As quantified by Zheng and Tse [1], given a Multiple Input Multiple Output (MIMO) channel, both gains can, in fact, be simultaneously obtained, but there is a fundamental tradeoff (called the Diversity-Multiplexing Gain (DM-G) tradeoff) between how much of each type of gain, any coding scheme can extract. Space-time codes (STC's) can be employed to make use of these advantages offered by multiple antennas. STC's can be broadly classified in two categories; namely space-time block codes (STBC) and space-time trellis codes (STTC). STTCs are known to have better bit error rate performance than STBCs, but with a penalty in decoding complexity. Also, for STTCs, the frame length is assumed to be finite and hence zeros are forced towards the end of the frame (called the trailing zeros), inducing rate loss. In this paper, we derive an upper bound on the DM-G tradeoff of full-rate STTCs with non-vanishing determinant (NVD). Also, we show that the full-rate STTCs with NVD are optimal under the DM-G tradeoff for any number of transmit and receive antennas, neglecting the rate loss due to trailing zeros. Next we give a explicit generalized full-rate STTC construction for any number of states of the trellis, which achieves the optimal DM-G tradeoff for any number of transmit and receive antennas, neglecting the rate loss due to trailing zeros.
I. INTRODUCTION AND PRELIMINARIES
Consider the quasi-static Rayleigh fading space-time channel with quasi-static interval T , n t transmit and n r receive antennas. The (n r × T ) received matrix Y is given by
where X is the transmitted codeword (n t × T ) drawn from a space-time code (STC) X , H the (n r × n t ) channel matrix and W the (n r × T ) noise matrix. The entries of H and W are assumed to be i.i.d., circularly symmetric complex Gaussian CN (0; 1) random variables. STCs are classified into two categories, namely: space-time block codes (STBC) and space-time trellis codes (STTC). From here on we assume X to be STTC. The entries of X are drawn from a constellation S whose size scales with SNR with θ chosen to ensure
Multiple antennas can be used for increasing the amount of diversity (diversity gain) or increasing the data rate (the number of degrees of freedom or spatial multiplexing gain) in wireless communication. As quantified by Zheng and Tse [1] , given a Multiple Input Multiple Output (MIMO) channel, both gains can, in fact, be simultaneously obtained, but there is a fundamental tradeoff (called the Diversity-Multiplexing Gain (DM-G) tradeoff) between how much of each type of gain, any coding scheme can extract. At high SNRs, the probability that the received matrix Y , is decoded to a codeword matrix X = X, under the condition that X was transmitted, is
where λ 1 , λ 2 , . . . , λ Λ are the Λ non-zero singular values of ∆X = X − X . Therefore, the performance of STTC, at high SNRs, is governed, by the minimum of the rank of the matrix X −X (called the diversity gain) and minimum of the product of the non-zero eigen values of the matrix X − X (called the coding gain), for X = X . A STTC is said to achieve full diversity if min X =X rank(X − X ) = n t ∀ X, X ∈ X . At high SN Rs, the ergodic capacity [8] i.e., capacity averaged over all channel realizations H of the space-time channel model in (1) is shown to be C(n t , n r , SNR) = min {n t , n r } log SN R + O(1) (2) where O(1) is a constant term. The above expression shows that the achievable data rate increases with SNR as min{n t , n r } log SNR.
If |X | is the size of the STC, the STC transmits
bits per channel use. Let r be the normalized rate given by R = rlog(SN R). Following [1] , we will refer to r as the multiplexing gain. From (2), it is seen that the maximum achievable multiplexing gain equals r = min{n t , n r }. Let the diversity gain d(r) corresponding to transmission at normalized rate r be defined by
where P e denotes the average codeword error probability. A principal result in [1] is the proof that for a fixed integer multiplexing gain r, and T ≥ n t + n r − 1, the maximum achievable diversity gain d(r) is governed by
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1-4244-0355-3/06/$20.00 (c) 2006 IEEE Therefore, from [1] , both the diversity and the spatial multiplexing can be obtained simultaneously but with a fundamental tradeoff between them, called the diversity-multiplexing (DM-G) tradeoff.
A. Review of Existing STTCs
Space-Time Trellis Codes (STTC) have been introduced in [2] , to provide improved error performance for wireless systems using multiple transmit antennas. Let X be STTC and X, X ∈ X , then the first column of ∆X = X − X matrix would be the difference of the symbols transmitted by the n t transmit antennas, when the paths in the trellis, corresponding to the codewords X and X diverge and the last column would correspond to the symbol difference when they converge. The t th column of ∆X corresponds to the symbol difference at a time t − 1 after divergence. Let t d be the time (from the frame beginning), at which the paths corresponding to X and X diverge and t d + l − 1 when they converge, then X and X differ in at least l locations. The convergence length l c of the STTC is defined as l c = min
For full diversity necessary condition is that l c ≥ n t . The scheme used to construct STTCs in [2] is delay diversity scheme in which the symbol transmitted from the i th antenna at time t is again transmitted from the (i+1) th antenna at time t + 1. It has been shown [2] , that such codes constructed by delay diversity scheme can provide full diversity gain as well as additional signal-to-noise ratio (SNR) advantage, i.e. coding gain. An example of delay diversity scheme for 2 transmit antennas for 4 state trellis is as shown in Fig. 1 [6] , by employing exhaustive computer searches. A general method to construct STTCs by using a shift register model which ensures full-diversity and good coding gain, for any number of states, is given by [7] , where coding in conjunction with delay diversity is used.
It is known that the STTCs can give better bit error performance than the space-time block codes (STBCs), but with a penalty in the decoding complexity. For reducing the decoding complexity, STTC is truncated after T channel uses (called the frame length). Transmissions across different frames are independent. To truncate the STTC, we need to force the end state of the STTC to be same as the starting state. To have the end state equal to the starting state of the STTC, zeros are forced at the end of each frame, called the trailing zeros. Since the trailing zeros do not carry any information, STTCs incur rate loss. Let δ be the number of channel uses for which we need to force zeros. Let us define the rate loss factor as κ to be κ = T −δ δ , where T is the frame length of STTC. The rate loss factor κ quantifies the rate loss incurred by STTC due to trailing zeros. 
B. DM-G tradeoff of the existing STTCs
It is well known that any full-rank STC achieves the full diversity gain for any number of transmit and receive antenna. Since all the existing STTC constructions guarantee full-rank, all of them achieve the maximum possible diversity gain for any number of transmit and receive antennas.
From [13] , for a STC to achieve the maximum possible spatial multiplexing gain, the necessary condition is that, the rate of transmission should at least be min{n t , n r } complex symbols per channel use. For all the STTC constructions discussed above, the rate of transmission is limited to only one complex symbol per channel use (neglecting the rate loss factor) and therefore these codes cannot meet the optimal diversity-multiplexing tradeoff for more than 1 receive antenna.
This motivates construction of high-rate (rate more than 1 complex symbol per channel use) STTCs. One such construction is given in [12] , as shown in Fig. 2 , where a STTC is proposed for 2 transmit and 2 receive antennas, whose rate of transmission is equal to min{n t , n r } = 2 complex symbols per channel use. Also, only by simulation, it was shown that this STTC achieves the optimal diversity-multiplexing tradeoff for 2 transmit and 2 receive antennas. To the best of our knowledge this is the only high-rate STTC construction and no general construction exists for high-rate STTCs for arbitrary number of transmit antennas.
Recently, [9] - [11] , for STCs with T = n t , it has been proved that full-rate STCs with non-vanishing determinant (NVD) property, are optimal under the DM-G tradeoff for any number of receive antennas.
The contributions of this paper are as follows:
• We study the DM-G tradeoff for STTC with T > n t using [11] and quantify the effect of rate loss factor.
• We show that the full-rate STTCs with NVD property, achieve the upper bound on the optimal DM-G tradeoff for any number of receive antennas, neglecting the rate loss factor.
• We give a generalized full-rate STTC construction, for any number of transmit antennas and any number of states of the trellis with NVD property. The paper is organized as follows. In Section II, we study the DM-G tradeoff of full-rate STTCs with NVD property. Also in that section we show that full-rate STTCs with NVD property achieves the upper bound on the optimal DM-G tradeoff for any number of receive antennas, neglecting the rate loss factor. The main result of the paper, generalized construction of fullrate STTC's is given in Section III and proof of the optimality of full-rate STTC constructed in Section III, under the DM-G tradeoff neglecting the rate loss factor, is given in Section IV. Section V contains the conclusions.
II. ACHIEVING THE DM-G TRADEOFF

A. Signal Alphabet
Following, the definitions in [11] , let S be an alphabet S ⊂ C (where C is the field of complex numbers) that can be scaled so as to approximately contain ρ elements in a circle of squared radius ρ for large ρ, for example QAM-alphabet. Let r denote the normalized rate of transmission. Then S is called scalably dense, if it can be scaled with SNR in such a way that
≤ SN R r n t where we have followed the exponential equality notation used in [1] f (SN R) ≤. Let X denote a STTC and let X nt×T ∈ X and X = [X i,j ], {i = 1, 2, . . . , n t , j = 1, 2, . . . , T } We shall call a STTC X S-linear if every entry X i,j of each of code matrix X is of the form
As X varies over STTC X , the c ijk vary over all of S. We will assume that the v ijk remain fixed for all SNR.
Let X, X ∈ X and ∆X = X − X . Any X ∈ X can be written as X = [U M] and similarly ∆X can be written as ∆X = [∆U ∆M ], where U, ∆U are of size n t × n t and M, ∆M are of size n t × (T − n t ) respectively. A S-linear STTC will be said to have non-vanishing determinant (NVD) property, if there is a constant µ independent of SNR, such that for SNR > 0,
An S-linear STTC will said to be full-rate, if for every SNR, the size of the code satisfies
where κ is the rate loss factor of STTC.
B. Signal Energy
Let R be the rate of the STTC X in bits per channel use and r = R log(SNR) be the normalized rate at high SNR [1] . For full-rate STTC X we have n t κ as the average number of constellation symbols transmitted per channel use i.e. n t κT = log |S| |X |. Thus, Since the scaling factor θ is required to satisfy E[||θX|| 
So the normalizing factor satisfies
Theorem 1: Let S be a an alphabet that is scalably dense. Consider a STTC X with T ≥ n t , that is
• S-linear • has full-rank • has full-rate • has the NVD property. Then the DM-G tradeoff for X is given by
where r = lκ, l = 1, 2, . . . , n t .
Spatial Multiplexing Gain R = r log SNR The DM-G tradeoff curve for the full-rate STTC with NVD property is plotted in Fig. 3 
This shows that the maximum achievable spatial multiplexing gain, which the high-rate STTC can achieve, is given by κ min {n t , n r }. Since for STTCs κ < 1, the result shows that the full-rate STTCs, cannot achieve the maximum possible spatial multiplexing gain (min n t , n r ), with n t transmit and n r receive antennas. On the other hand, the DM-G tradeoff curve for the full-rate STTC intersects the d axis at the maximum diversity gain n t n r , corresponding to n t transmit and n r receive antennas. Therefore, clearly the full-rate STTCs with NVD property, achieves the maximum possible diversity gain possible.
For any other integral values of r, since κ < 1, the upper bound on the DM-G tradeoff for the full rate STTCs is always lower than the optimal DM-G tradeoff [1] , for n t , n r transmit and receive antennas respectively. This result is expected, since for STTC, there is a inherent rate loss due to the trailing zeros. Also, for STTC, T is very large and since δ < λ where 2 λ is the number of states of the STTC, κ = T −δ δ is very close to 1. Therefore ignoring the trailing zeros (κ = 1), high-rate STTCs achieve the upper bound on the optimal DM-G tradeoff curve for any number of transmit and receive antennas. Proof: (Theorem 1) Let ∆X = X − X , be the difference matrix of X, X ∈ X of dimension n t × T . Any ∆X can be written as [∆U ∆M ], where ∆U is of size n t × n t and ∆M is of size n t × (T − n t ). Since STTC X is full-rank, ∆U is always full-rank. Also, let U = {∆U : X = X , X, X ∈ X }. 
Our objective is to lower bound d α 2 , . . . , α nt ) . Also, for a particular channel realization α, let P e (α) be the codeword error probability, and as before W is the noise matrix. Then
where d 2 E,min is the minimum squared Euclidean distance between any two distinct codewords from X . The averaged codeword error probability P e can be computed from P e (α) by taking the expectation over the eigenvalues of
∆U,min (α), and hence in the worst case 
where the set B is given by
Evaluating the above infimum for (l − 1)κ ≤ r ≤ lκ, where l = 1, 2, . . . , n t , we get,
For r = lκ we have,
and for r = (l − 1)κ
Now by letting p = lκ, we have
and the values for {r : (l − 1)κ < r < lκ} are obtained by straight line interpolation. Also, by making use of the results from Appendix 3 [11] , the case when n r < n t can be proved similarly.
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III. HIGH-RATE STTCS
In this section, we introduce a shift register model for our full-rate STTCs. The shift register model for our fullrate STTCs is shown in Fig.4 . We assume that the state complexity of the STTC is 2 λ . Let the rate of transmission be n t b bits/sec/Hz (neglecting the trailing zeros). From [2] , λ ≥ n t b(n t − 1) for full diversity. Let λ = qn t b + k : k < n t b. In Fig. 4, each B i , i ∈ (1, 2, . . . q + 1) represents n t b bits. The most significant γ bits, where γ = (q − n t + 1)n t b + k, is denoted by B γ in the figure. The shift register keeps shifting to the left n t b bits at a time. The past γ + (n t − 1)n t b bits (B γ , B nt , B nt−1 , . . . , B 2 ) represent the state of the trellis and the current n t b bits, which have entered the shift register represent one of the 2 ntb branches diverging out of a state. It is easy to verify, that for the STTC so constructed, the convergence length
For each of the B i , i ∈ (1, 2, . . . q + 1), we divide the n t b bits into n t groups of b bits each. We represent each of these n t groups by b i,j for i = 1, 2, . . . q +1 and j = 0, 1, 2, . . . , n t − 1. By using some bijective map, each of these b i,j bits are mapped to x i,j , where x i,j ∈ S with |S| = 2 b . At time t we represent x i,j by x t i,j . For each of B i , i = 1, 2, . . . q + 1, we feed these constellation points for all the n t groups to a map π, whose output is π
Each of the π i for i = 1, 2, . . . q + 1, are fed to the map Ψ, to determine what is to be transmitted from each of the transmit antenna. We here give a particular choice of Ψ to guarantee that the STTC so constructed is full-rank.
Lemma 1: Let F = Q(j), where Q is the field of rational numbers and j = √ −1. Then from Theorem 6 and 7 [11] , for any n t = 2
where p i is an arbitrary prime, there exist a cyclic Galois extension K with degree n t over F .
Theorem 2: Let F = Q(j) and δ 1 , δ 2 , . . . δ nt be the integral basis of K/F , where K is the cyclic Galois extension of F of degree n t and σ be the generator of the cyclic Galois group denoted by Gal(K/F ) (Lemma 1 shows that it exists).
In Fig. 4 , let x t i,j ∈ S ∈ F and if Ψ is such that, c
is the transmitted signal from the i th transmit antenna in the t th time instant, then the STTC so constructed achieves full diversity. Proof: Consider two distinct codewords matrices C and E such that C, E ∈ X, C = E . Let their difference matrix
where T , is the frame length of the STTC. Note that the convergence length l c = q + 1 and hence l c ≥ n t . We have t d + t c − 1 columns to consider. We see that t c − t d + 1 ≥ n t , since the convergence length is at least n t (γ ≥ 0) and the number of non-zero columns here is at least the convergence length. Let us call the matrix that contains the non-zero columns of B(C, E) as B ef f (C, E). Let the total number of columns of matrix B ef f (C, E) be l, (l = t c −t d +1 ≥ l c = n t ). We take the worst case of l being equal to l c . Therefore the matrix B ef f (C, E) has dimensions n t × l c .
We can write
, where U and M are of dimensions n t × n t and n t × (l c − n t ) respectively. To prove the theorem, its sufficient to consider the rank of matrix U . The i, j th entry of the U matrix is given by
Since at time t d , when there is divergence for codewords C and E, all the bits in B 
Hence all the elements of matrix U below the main diagonal are zero. Now, consider the diagonal elements of the matrix U . The diagonal elements of the matrix U are of the form, e
Therefore all the diagonal elements of the matrix U , of the form, e
This shows that rank(U ) = n t , hence completes the proof.
Example 1: Assume that we need to construct a STTC for 2 transmit antennas with rate 2 bits/sec/Hz. We choose the BPSK signal set and for the case of 4 states trellis, we have parameters λ = 2, b = 1 and γ = η = 0. For F = Q(j) and n t = 2, from [11] we have K = Q(ω 8 ) where ω n = exp(
Then from Theorem 2 we have a full rank STTC, which is same as given by [12] as shown in Fig. 2 . Hence the code construction [12] , is a special case of the proposed generalized full-rate STTC construction.
IV. DM-G TRADEOFF OF FULL-RATE STTCS
In this section we study the DM-G tradeoff of the proposed full-rate STTC construction. From last section,
where U is an upper triangular matrix of dimension n t × n t and M is a matrix of dimension n t × (l c − n t ). As proved in Theorem 2, for the case of our proposed full-rate STTCs, the matrix U is upper triangular and full rank. It is easy to verify that
Since σ is an automorphism of degree n t , we have σ (det(U )) = det(U ). Thus, (det(U )) belongs to F = Q(j). Moreover, with the signal set S ∈ Z[j] (Z[j] = a + jb : a, b ∈ Z) and the basis {δ 1 , δ 2 , . . . δ nt } an integral basis, we have det(U ) ∈ Z[j] [14] . Thus, |det(U )| ≥ 1, and thus the STTC X has the NVD property. Since, X is Slinear, has full-rate and has the NV D property, from Theorem 1, STTC X achieves the upper bound on the optimal DM-G tradeoff neglecting the rate loss factor, which is very small.
As discussed in the last section, STTC constructed for 2 transmit antennas [12] is a special case of proposed full-rate STTC construction. [12] shows by simulation, that the highrate STTC for 2 transmit antennas achieves the DM-G tradeoff, Theorem 1 proves that analytically, neglecting the rate loss factor.
V. CONCLUSION:
In this paper, we derive the bound on the the DM-G tradeoff of full-rate STTCs with NVD property. We show that the full-rate STTCs with NVD property are optimal under the DM-G tradeoff for any number n t of transmit antennas and any number n r of receive antennas, neglecting the rate loss factor. In the process of bounding the DM-G tradeoff of fullrate STTCs with NVD property, we generalize the result that for T = n t , STCs with full-rate and NVD property achieves the upper bound on optimal DM-G tradeoff [11] , to the case T ≥ n t where it is sufficient that the matrix formed by the first n t columns of the full-rate STC has the NVD property to achieve the upper bound on the DM-G tradeoff.
Also, we show that the existing schemes to construct STTCs, do not achieve the optimal diversity-multiplexing tradeoff, for n transmit and n receive antennas (n ≥ 2), except for the STTC [12] . We then propose a full-rate STTC construction, which is shown to achieve the upper bound of the optimal DM-G tradeoff for any number of transmit and receive antennas, neglecting the rate loss factor. We also show that the STTC [12] is a special case of our proposed high-rate STTC.
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